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FINANCIAL MATHEMATICS (3)
Learning Outcomes and Assessment Standards

Learning Outcome 1:  Number and Number relationships
Assessment Standard 12.1.4 (b)

Apply knowledge of geometric series to solve annuity, bond repayment  and sinking fund 
problems, with or without the use of the formula:

P =   x [1 – (1 + i)–n] 
 __ 

i
  

•

Overview
In this lesson you will learn about:

present value annuities

using both the future and present value annuity formulae

Lesson 

The present value annuity formula
In a present value annuity, a sum of money is normally borrowed from a financial 
institution and paid back with interest by means of regular payments at equal 
intervals over a time period. The loan is said to be amortised (paid off) when it, 
together with interest charges, is paid off. 

Example 1

A loan is required for the purchase of office equipment. The borrower can afford 
to pay R2 000 per month starting one month after the granting of the loan. The 
payments will continue for 10 months. The interest rate is 24% per annum 
compounded monthly. How much can he borrow?
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Effective monthly rate:

In order to determine what the loan will be, we need to remove the interest charge 
on each payment of R2 000 (finding their present values at T

0
 and then add up the 

interest free amounts. In other words we must determine the present value of each 
payment at T

0
.
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A useful formula to calculate the sum of the present value of these payments at T
0
 

is called the Present Value Annuity formula:

P =   
x [1 – (1 + i)–n] 

 __ 
i
  

where:

x = payment per period

n = number of payments

i = interest rate

In the previous example the sum of all the present values of each payment is:

 P =   
2 000 [1 – (1,02)–10] 

  ___ 0,02  

 ∴ P = R17 965,17

Note

The formula for P can only be used if there is a gap between the loan and the first 
payment.

Example 2

How much can be borrowed if a person agrees to repay a loan by means of 
quarterly payments of R7 000, starting in three months time? The payments will 
continue for 3 years and the interest rate is 16% per annum compounded quarterly.

 P =   
7 000 [1 – (1,04)–12] 

  ___ 0,04  

 ∴ P = R65 695,52

Example 3

How much money will you need to win in the Lottery so as to receive equal 
monthly payments of R15 000 per month for a period of 10 years starting one 
month after winning the money? Assume that you are able to receive an interest 
rate of 15% per annum compounded monthly.

0T 1T 2T 3T 119T 120T

15000 15000 15000 15000 15000

0,15
0,0125

12
=

P
gap

 P =   
15 000 [1 – (1,0125)–120] 

  ___  
0,0125

  

 ∴ P = R929 742,71

When looking for the Present 
Value on the timeline, we 
move to the left (backward). 
So the power will be 
negative.

When looking for the Present 
Value on the timeline, we 
move to the left (backward). 
So the power will be 
negative.
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Summary of the Annuity Formulae

Future Value Annuity formula

F =   
x [(1 + i)n – 1] 

 __ 
i
  

where:

x = payment per period

n = number of payments

i = interest rate

Present Value Annuity formula

P =   
x [1 – (1 + i)–n] 

 __ 
i
  

where:

x = payment per period

n = number of payments

i = interest rate

Note: 

The formula for P can only be used if there is a gap between the loan and the first 
payment. The formula for F can only be used if there is a final payment at the end, 
which doesn’t earn interest. F coincides with the x at T

n
.

Example 4 (Using both formulae)

(a) Joseph invests R2 000 per month, starting immediately, into a retirement 
annuity paying 15% per annum compounded monthly. He continues making 
payments for twenty years.  How much money will he have saved at the end 
of the twenty year period?

(b) If Joseph then invests the money into an account so as to receive a monthly 
pension for a period of twenty years starting in one month’s time, calculate his 
monthly pension if the interest rate is 6% per annum compounded monthly.

(a) 

 F =   
2 000 [(1,0125)241 – 1] 

  ___  
0,0125

  

 ∴ F = R3 033 909,95

(b) 

 3 033 909,95 =   
x1 – (1,005)–240

 __ 
0,005

  

 ∴   3 033 909,95 × 0,005
  ___  

 [1 – (1,005)–240]    = x

 ∴ x = R21 735,87

Activity 1
1. How much can be borrowed from a bank if the borrower repays the loan by 

means of 30 equal monthly payments of R1 250, starting in one month’s time, 
if interest is 12% p.a. compounded monthly?

2. How much can be borrowed from a bank if the borrower repays the loan by 
means of equal quarterly payments of R2 000, starting in three months time? 
The interest rate is 18% p.a. compounded quarterly and the duration of the 
loan is ten years.
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3. Twenty-five semi-annual payments are made, starting six months from now, 
in order to repay a loan of R100 000. What is the value of each payment if 
interest is 18,6% p.a. compounded semi-annually?

4. What amount must be invested now in order for the investor to receive equal 
payments of R2 000 per month from the bank for 3 years, starting in one 
month’s time? Interest is 18% p.a. compounded monthly.

5. John inherits R1 000 000 from his late father. He invests the money at an 
interest rate of 14% per annum compounded monthly. He wishes to earn 
a monthly salary from the investment for a period of 20 years starting one 
month from now. How much will he receive each month?

6. Michael takes out a retirement annuity that will supplement his pension when 
he retires, thirty years from now. He estimates that he will need R2,5 million 
in this retirement fund at that stage. The interest rate he earns is 9% per annum 
compounded monthly.

(a) Calculate his monthly payment into this fund if he starts paying 
immediately and makes his final payment in 30 years’ time.

(b) The retirement fund does not pay out the R2,5 million when Mark retires. 
Instead he will be paid monthly amounts, for a period of 20 years, starting 
one month after his retirement. If the interest rate that he earns over this 
period is calculated at 7% per annum compounded monthly, determine the 
monthly payments he will receive.

Lesson 

Example 5    (Enrichment)

A loan of R300 000 is to be repaid by means of monthly payments of R5 000, 
starting one month after the granting of the loan. Interest is fixed at 18% per 
annum compounded monthly. How long will it take to repay the loan?

300 000 =   
5 000 [1 – (1,015)–n] 

  ___ 
0,015

  

∴   300 000 × 0,015
  __ 

5 000
   = 1 – (1,015)–n

∴ (1,015)–n = 1 –   300 000 × 0,015
  __ 

5 000
  

∴ (1,015)–n = 0,1

–n =   
log(0,1)

 __ 
log(1,015)

  

–n = –154,654 108 6

n = 154,654 108 6

It will take approximately 155 months to repay the loan (12 years 11 months).

Example 6    (Enrichment)

What amount must be invested now so as to realise equal withdrawals of R150 000 
at the end of each year for 5 years, if the first withdrawal is made in 10 years time? 
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The interest rate during the first 9 years is 16% per annum compounded semi-
annually. Thereafter it is 18% per annum effective.

 P =   
150 000 [1 – (1,18)–5] 

  ___ 0,18  ·(1,08)–18

 ∴ P = R117 385,73

Activity 2
1. Daniel takes out a loan of R120 000 to finance a new car. The interest rate 

charged is 15% per annum compounded monthly. He agrees to pay an amount 
of R4 000 at the end of each month starting one month after the granting of the 
loan. How long will he take to pay off the loan?

2. You decide to take out a loan to finance the purchase of a new computer 
costing R15 000. The interest rate charged is 24% per annum compounded 
quarterly. You agree to repay an amount of R2 000 at the end of each quarter 
starting three months after the granting of the loan. How long will it take you 
to repay the loan? 

3. What amount must be invested now if an investor wishes to receive 12 
monthly payments of R6 000 in the future? The payments will be received 
starting in four years’ time. Interest is 15% p.a. compounded monthly for the 
first 47 months (from now). Thereafter, the interest is 18% p.a. compounded 
monthly.

4. Samantha has plans to buy a house, but can only afford a bond with monthly 
payments of R2 500 for the first five years at the current rate of 16,5% per 
annum compounded monthly. Thereafter, the interest rate is adjusted to 
17,8% per annum compounded monthly and her monthly payment increases 
to R3 200 per month. Determine the cash value of the house she can afford 
to buy under these circumstances, if the first payment is due one month from 
now, and her last payment is made at the end of twenty years.
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Derivation of the Present Value Annuity Formula (for interest)

P = x(1 + i)–1 + x(1 + i)–2 + x(1 + i)–3 + … + x(1 + i)–n (geometric series)

P =   
x(1 + i)–1 [(1 + i)–n – 1] 

  ___  
(1 + i)–1 – 1

  

∴ P =   
x [(1 + i)–n –1] 

  ___  
(1 + i)1 [(1 + i)–1 – 1]   

∴ P =   
x [(1 + i)–n –1] 

 __  
(1 + i)0 – (1 + i)1  

∴ P =   
x [(1 + i)–n –1] 

 __  
(1 + i)0 – (1 + i)1  

∴ P =   
x [(1 + i)–n –1] 

 __ 1 – (1 + i)  

∴ P =   
x [(1 + i)–n –1] 

 __ 
–i

  

∴ P =   
x [(1 + i)–n –1] 

 __ 
i
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